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SEMIGROUPS OF RIGHT QUOTIENTS
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Introduction. Let S=(S, -) be a semigroup and T= Q.(S,X) a semigroup of
right quotients of S with respect to a subsemigroup X of S (cf. §2). Suppose that
S is equipped with a topology & which makes (S, -, &) into a topological semi-
group. The purpose of this paper is to investigate topologies T on T with the
properties that (7, -, ¥) is a topological semigroup and that the relative topology
Z|S obeys T|S=& or more generally T|ScS.

There is a related question if one assumes that there exists even a group
T=0Q/S, S) of right quotients and considers topologies T on T which make
(T, -, ) into a topological group. Several authors have dealt with this topic [9], [8],
especially in the commutative case [2], [4], [6], [7]. We shall speak later about
some of their results, for which we obtain generalizations.

The first part of this paper starts with the following question: Take (S, -, €)
and T= Q.(S, X) as above. Does there exist a topology T on T, such that (T, -, T)
is a topological semigroup, T|S=&, and Sis T-open ? We obtain (cf. §3, Theorem 1)
that this is the case if, and only if, all left and right translations by elements « € 2
are open mappings in (S, -, ). Moreover, there is only one topology < of this
kind, and ¥ can be defined by the base '

{Ua='| U < S and open, o € Z}.

But, if G is a subgroup of T (for instance, the unique maximal one or T itself if T
happens to be a group), (G, -, T|G) need not be a topological group. In §5 (cf.
Theorem 3) we give necessary and sufficient conditions for the continuity of
g—>g tin (G, -, Z|G) for an arbitrary subgroup G of T. These conditions are
generalizations of a condition F introduced by Rothman [7], and we generalize
his Main Theorem (given in [7, p. 200], for the commutative case) as follows: Let
T=Q.(S, S) be a group of right quotients of a semigroup (S, -, &), then F is
necessary and sufficient for the existence of a topology € on T which makes
(T, -, T) into a topological group such that T|S=& and S is T-open (cf. Theorem
4). Moreover, by our considerations such a topology (obtained in [7] using [8])
is unique and coincides with the topology above for %= (cf. also Theorem 12).

In the second part (§6, §7) we consider the general problem stated at the beginning
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of the introduction. From Theorem 5 follows that it is meaningful to look at
families of the kind

) {UQ-1| U< Sand S-open, Q < X and 3-open},

where 3 is a topology on X which makes (Z, -, 8) into a topological semigroup.
Theorem 6 gives some equivalent conditions in order that (1) is a base for a
topology T# on T. In this case T# obeys $#|S< & and turns out to be the quotient
topology corresponding to the mapping

SxZ—T:(a,«) >aca"t

Further, there is a necessary and sufficient condition (cf. Theorem 7) that (T, -, T#)
is a topological semigroup, and Theorem 8 gives a sufficient condition that
(G, -, T#|G) is a topological group for a subgroup G of T. Finally, we have a look
at semigroups (S, -, ©) satisfying the above property on translations using the
results of §6.

We remark, that most of the statements of [2, §3] concerning the group of
quotients T=Q(S, S) of a commutative semigroup (S, -, €) are covered by the
second part of this paper. Here we mention the following result [2, Theorems 2,
4 and 8]: If all translations by elements a € S are open mappings in (S, -, &),
then there exists a topology T which makes the group T= Q(S, ) into a topological
group such that £|S=& holds Such a topology can be obtained by a base (cf. (1))

{UV-1| U, V < S and open}.

The same result is also stated by Paalman de Miranda [6, Theorem 3.2.14, p. 122],
but even with T|S=& instead of T|S<®. This sharpening fails to be true (the
critical point in [6] is on page 123, line 12, where in general only «(U(a))<
P(U(a)U(a) x U(a)) holds) as we shall show by examples in §4. More precisely, for
a semigroup (S, -, &) satisfying the assumptions of this theorem, the following
situation concerning the group T'=Q(S, S) is possible: If T is a topology on T
such that (T, -, €) is a topological group (for instance, the topology ¥ regarded in
[2] and [6]), then only T|S<S is true. If T is a topology on T with T|S=& (for
instance, the topology of our Theorem 1 with £=.S), then (7, -, ) can be a
topological semigroup, but not a topological group.

We mention, that most of our results also hold for semitopological semigroups
instead of topological semigroups. Moreover, there are applications to rings and
semirings of quotients as well as to rings and semirings of differences (for these
concepts cf. [10]). We expect to deal with this matter in a later publication.

The author is indebted to Professor A. D. Wallace for many stimulating dis-
cussions and acknowledges the support of the National Science Foundation (NSF
GP-6505) and of the Deutsche Forschungsgemeinschaft.

2. Preliminaries. Let S=(S, -) be a semigroup and X a subsemigroup of S.
A semigroup of right quotients of S with respect to X is defined to be a semigroup
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T=(T, -) with the following properties: T has an identity and contains S as a
subsemigroup, each « €  has an inverse «~* € T, and each element of T is a right
quotient ae~! with a€ S, a €X. We recall (cf. [12]) that such a semigroup T
exists, if and only if, each « € 2 is cancellable in S and the condition

g(S,%) aeSand «e€X implies al = o/ for some /e S, A€, ie.a¥NaS # 3

holds. Then T is, up to isomorphisms, uniquely determined by S and X, and we
write T= Q,(S,X). T is governed by the rules

2 ae ! =bB" 1<« ad =Bl and a) = bl forsomeAeX and /e S,
3) ae~1.pB~t = at(Br)~* with br = at, TeX, teS.

Further, if Z* denotes the subsemigroup of all elements of S which have an
inverse in T'= Q,(S, Z), then we have Q.(S, Z)= Q,(S, Z*) and G*= Q,(T*, Z*) is
the unique maximal subgroup of T. We call Z* a relatively maximal subsemigroup
of right denominators of S, and Z* is related to each X for which Q,(S, £)= 0«S, *)
holds by

&* left cancellable in S and
©) e X* o = x € X*,

t*xeX forsome xe S
Of course, (4) with Z=2* is a necessary and sufficient condition for a subsemigroup
of right denominators of S to be relatively maximal.

Finally, if there are subsemigroups of right denominators in S (i.e. if at least
one T'= Q,(S, ) exists), then there is a unique absolutely maximal subsemigroup of
right denominators Z**, containing all the others. Therefore T**= Q (S, £**) is a
semigroup of right quotients of S such that T**2T for all T= Q,(S, Z). In par-
ticular, there exists a group of right quotients of S if and only if Z**=S. In this
context we also refer to [10] and [11].

Now let S=(S, -) be a semigroup and let & be a topology for S, which we regard
as the family of open subsets of S. Then S=(S, -, @) is called a ropological (semi-
topological) semigroup if the multiplication a-b is continuous in both variables
a, b together (in each variable a, b separately). If (S, -) happens to be a group, then
we call (S, -, &) a topological (semitopological) group if (S, -, &) is a topological
(semitopological) semigroup and the mapping a —a~! is continuous (here we
differ from [3], where “semitopological group” is used for semitopological semi-
groups which are algebraically groups, i.e. without continuity for a=*; cf. also the
remark at the end of §3). Finally we do not assume any separation axiom unless
otherwise stated. For concepts and propositions used without comment we refer
to [1] and [5].

3. A special topology for semigroups of right quotients.

THEOREM 1. Let S=(S, -, &) be a topological semigroup and let T=(T, -)
=08, X) be a semigroup of right quotients of S with respect to . Then there
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exists a topology T for T with T|S=& such that T=(T, -, T) becomes a topological
semigroup containing S as an open subset, if and only if,

®) U € G implies Uo € G and oU € & for each « € Z.

Moreover, if B is any base of €, then the topology < for T with the properties above
is defined by the base

©6) BE-!={Ua|UeB, ael}
and hence uniquely determined by S.

REMARK. The condition (5) states that all inner translations p,:x — xe,
Ae: X = ax of S with « € Z are open mappings (from S into S, briefly in S). More-
over, one can replace (5) by the formally weaker condition: If xe S and « € X,
then

) for each U, exists U,, with U,a 2 U,,,
(5) for each U, exists U,, with aU, 2 U,,.

Here U, always denotes a set out of 8 containing x € S. We further mention that
for each topology © on S which does not fulfill (5) there is a unique coarsest
topology &’ with &' >& obeying (5), but (S, -, &’) need not to be a topological
semigroup without supplementary conditions (for a particular case cf. [6, Theorem
3.2.13, p. 121)).

Proof. First we assume that there exists such a topology ¥ for T. Then all inner
translations A,, p, of T with « € £ are homeomorphisms of T onto T (cf. the similar
proof in [3, p. 28] and hence open mappings in 7. Since S € &, their restrictions
to S, i.e. the inner translations A,, p, of S with « € Z, are open mappings in S.
Indeed, Ue @ = UeT = UeeZT = Uxe S, so we have (5). Now we shall use
that each element of T is a right quotient ax~! with a€ S, « € Z, to prove (6).
Assume ae~le VeZ. Then Va N SSS is S-open and contains a, hence there
exists U, € B with ae U, Ve N S and we have

ac”lelUp tc (Van St cV
as we were to show.
" Conversely, let T=(T, -)=0,(S,Z) be any semigroup of right quotients of
S=(S, -, ©) and assume (5). We shall prove that (6) defines a base for a topology
< on T satisfying our theorem. For the first suppose

@) x¢ e Ujarr N Uyegt with U, € 8.

Then by ¢,(S, Z) there are elements /; € S, A; € Z with o;A;=¢/; and from (7) we
obtain x/; € U;A; (i=1, 2). From (5) we have U;A; € &, and by the continuity and
base properties of B there is a common U, € 8 with U,/;< U;A, from which

x¢teUyf™! € Uert N Uys?
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follows. Hence BX~1is a base for a topology . Clearly {U,«~1} is a base on aa™?,
and ¥ does not depend on the choice of B, where the latter also may be concluded
from our theorem after completing the proof.
In order to show that the multiplication in (7, -, ¥) is continuous assume
(cf. 3))
ae~1-bB~t = (at)(Br)~te Uy(Br) 7}, br = at.

There exist U,, U, with U,U,= U,,, and since br=at € aU, € S there is a U, with
U,r<aU, from which «~*U,< U,r~* follows. But then we have already

ae b€ Ua 'UB~t < U,Upr~ B~ < U,(Br)~ L.

Next ©2Z|S holds, since {Ue~' N S} is a base for T|.S and for each element
ce Ua~1 N S there exists U, from U.a< U, which obeys ce U,c Ua~* N S.

We remark that these three steps of the ‘““if-part™ of our proof also can be
deduced from the Theorems 6 and 7 of §6. We shall sketch this way at the
beginning of §7.

Finally, each S-open set U< S is according to

U= Uoa = U= UaDeT, Ue®

also -open, from which S €T and S<gI|S follow. This completes the proof of
Theorem 1, from which the following two corollaries are immediate conclusions.

COROLLARY 1. Let S=(S, -, &) be a topological semigroup and let X, 2’ be
different subsemigroups of S such that T= Q.(S, Z)= Q.(S, Z). Then (5) with respect
to T holds, if and only if, (5) with respect to X' is true. In this case, BE ! and BL' !
are bases for the same topology T on T described in Theorem 1.

In particular, in dealing with Theorem 1 one may choose X as small as possible
or as the relative maximal subsemigroup of right quotients 2* corresponding to =,
as it is convenient. For an illustration of this situation see the first example in §4.

Now let T,=0Q«(S, Z;) be a semigroup of right quotients of S and let T,=
0.(T,, ©®) be a semigroup of right quotients of T;. Then T, is also a semigroup of
right quotients of .S with respect to a suitable subsemigroup Z,, i.e. To= Q.(S, 2,)
(cf. [11]). Of course, T, is a subsemigroup of the maximal semigroup of right
quotients 7** of S described in §2.

COROLLARY 2. Let S=(S, -, ©) be a topological semigroup and let Ty, T, be as
above. Assume that S satisfies (5) with respect to Z,. Then S satisfies (5) with respect
to Z,, if and only if, T, satisfies (5) with respect to ©. In this case, reaching T, in two
steps or in one step and always applying Theorem 1, the obtained topology T, for T,
is the same. '

Of course, in all these cases, (5) need not to be true with respect to the absolutely
maximal subsemigroup of right denominators 2** of S. But one can prove:
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COROLLARY 3. Let S=(S, -, ©) be a topological semigroup for which a subsemi-
group X of right denominators obeying (5) exists. Then among all £ of this kind
there is a unique maximal one, X", so that T"= Q«S,ZX") is the unique maximal
semigroup of right quotients of S which possesses a topology X" according to Theorem 1.

THEOREM 2. Let S=(S, -, 8) and T=Q/S,2Z)=(T, -, T) be topological semi-
groups according to Theorem 1. Then, if (S, ©) is a locally compact Hausdorff space,
the same holds for (T, T).

Proof. Clearly the separation axiom 7, (as well as some other topological
properties, for instance connectedness) carries over from & to €. Now let aa~?* be
any element of T. According to (5) Sa~1! is a locally compact subspace of (T, ).
Hence there is an open set US Sa™?, aa~! € U, with a compact closure U’'—all
concepts used with respect to the subspace Se~'. But then clearly U’ is also a
compact neighborhood of aa~! in (7, ¥) and this completes our proof.

COROLLARY. If under the assumptions above (T, -) happens to be a group, then
(T, -, ) is a topological group.

REMARKS. All statements above are also true for semitopological semigroups
and semitopological groups (and even, more generally, if one only looks at con-
tinuity of the multiplication from one side). In this context, and with respect to the
last corollary, we recall that we use the term “semitopological group” to include
the continuity of the mapping a — a~!. We may mention that there exist semi-
topological groups in our sense which are not topological groups. For instance
one can establish the group of positive reals with a topology such that a —a~'is
continuous, a-b is continuous with respect to each variable separately, but not with
respect to both variables together.

4. Examples.

1. The group (T, -) of positive rationals (reals) with the usual multiplication is
the group of quotients of the semigroup (S, -), where S is any open interval (0, t),
t=1. Here we have T'=Q(S, S)= Q(S, X) for each subsemigroup X of S. Taking
the usual topology on S, Theorem 1 (and also Theorem 2) is applicable and gives
the usual topology on T. Moreover, this topology is the unique one for the positive
rationals (reals) making the multiplication continuous and preserving the usual
topology and openness of at least one interval (0, ¢).

2. (a) Let (T, -) be again the group of positive rationals and let S= Q(N, 6) be
any semigroup of quotients of the naturals N such that No S<T. We assume the
subsemigroup 6 of N to be relatively maximal, hence 6 is generated by all primes p
with p~t e S (cf. §2). Because of S<T there is at least one prime g, such that
q~' ¢S, or equivalently, g ¢ 6. Clearly, T=Q(S, S), and we denote the usual
topology on T by R. For 8=%|S, (S, -, ©) is a topological semigroup.

(b) (S, -, ©) does not satisfy (5) with respect to Z=S. We consider a set

U={ale|aeN, aeb, |ala—1| < & for some ¢ > 0}
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contained in S=R|S. Let g be a prime not contained in §. We are going to prove
qU ¢ &. Let us suppose the contrary, then there exists a V' € S such thatge V<qU.
For a prime pe 8 one has (gp"+1)/p" € S, hence (gp"+1)/p* € V if n is large
enough. But (gp"+1)/p" =qaj« € qU leads to q|a(gp"+1) = g|a = g € 6, a contra-
diction completing our proof.

(c) Now we endow S with a topology &'> &, such that (S, -, 3') is a topological
semigroup which satisfies (5) with respect to 2= S. According to [6, Theorem 3.2.13,
p. 121] the coarsest topology of this kind with & 2& (hence &' >3 because of
(b)) is obtained using the family

{sU|seS, Ue& = R|S such that 1 € U}

as a base for &’. Note that © and &’ have the same neighborhoods at 1. Here we
have counterexamples to Theorem 3.2.14 of [6] as announced in the introduction.
We shall prove: There is no topology T on T=Q(S, S) such that (T, -, %) is a
topological group and T|S=8' holds.

Let us suppose that such a topology T would exist. Let ¥ be any set with
1e VeZ. Then there are Vy, V, €T, both containing 1, such that V,V;icV.
Because of T|S=8&’, ¥, NS and ¥V, NS contain all x/£€S out of suitable
intervals containing 1, hence (x/€)(n/y) € V for all x/¢, yjn € S with |x/é—1] <e,
[n/y—1|<e for a suitable ¢>0. Each a/be T can be written in the form a/b=
(az/€)(&/bz). Since S is dense in T, a straightforward calculation shows that for
all a/b with |a/b—1| <e/2 one can find z and ¢ such that az/é=x/¢ with |x/é—1| <&,
E/bz=¢[y with |€é/y—1| <e. So any ¥V with 1 € V €  contains an interval U with
1 € Ue R, from which follows T < R. But this gives T|S=8"'cR|S=S, a contra-
diction to &> &.

We may remark, that according to Theorem 1 there is a topology ¥’ on T,
such that $'|S=&’ and S e ', which makes (7, -, T') into a topological semi-
group. By the last result, g— g~! cannot be continuous with respect to I,
hence (5), but not F(S, S) hold for (S, -, &') (cf. §5). On the other hand, there is a
topology T” on T such that (T, -, T") is a topological group and T"|S<&’, hence
T"|S<=&’, for instance the usual topology R.

5. Continuity of g — g~ for the topology considered in §3. Let S=(S, -, ©)
be a topological semigroup and T=(T, -)= Q,(S, X) a semigroup of right quotients
of S. We regard subgroups G=(G, -) of T containing £ and define Z'=G N S.
Clearly one has Z=X' cZ*, Q.(S, )= 0,(S, Z')= 0.(S, £*), and

G = 0/, %) = Q(¥,T) € G* = Q,(Z*,Z) = Q)X 2%),

with Z* and G* as defined in §2. We define with respect to (S, -, &) the following
conditions:

F(Z,%") Suppose ac Ue & and «€X. Then there exists ¥V, €& such that
ace U foreachoa' eV, N Y,

F(Z,X") dually, i.e., ca € «'U instead of go € Ux'.
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Obviously one can choose the same V,. F.(S)=F,(S, S) and F(S)=F(S, S)
together are the condition F introduced by Rothman [7, Definition 1], already
mentioned in the introduction.

THEOREM 3. Let S=(S, -, &) and T= Q.(S, ) be given and assume (5), i.e., the
existence of the topology T on T as considered in Theorem 1. Let G be a subgroup
of T, G2Z, and put T'=G N S. Then (G, -, T|G) is a topological group if, and only
if, F(Z,X) holds.

Proof. First we assume (G, -, T|G) to be a topological group. Let ac Ue &
and o € X be given. Hence aae™! € U e & and by Theorem 1 U € T. There exists
a V' with ™ € V' € T such that gae~ €aaV’'sU. From a"'e V' N G € Z|G it
follows the existence of a ¥ € T suchthate e VN G e T|Gand (VN G) =V’ NG,
hence

ace~teaa(V N G)~t < U.
This proves ax € Ua' for each o' € ¥V N\ G. Define V,=V N S, then V,€ & and
V.NZ'cV N G, from which we obtain F,(Z, Z’).

Conversely, we have to show that g — g~ is continuous for each g=aa"! € G,
with respect to T|G. Let UB~! N G be any set out of |G, containing g~*. Then
we have g7'=pB"* with be Ue S and Be Z. By F(Z, X’) there is a ¥V; € & such
that b8 e UB' for all '€ V; N Z'=V, N G. This means bBB’ ~! € U, hence

®) (Vs N G)t < U.
From be G follows B~1b~1e G=0/(%', Z), hence B~*h~'=cy~! with suitable
elements ¢ € X', y € 3. Looking for a neighbourhood of g=8b"* we obtain

B(Vs N G)B~b1 = (BVye NGy~ = (BVc)y ™' NG € TG,
because of V;e€@ = BV; €S = BV;ce S (for the latter we use ceX’ and
Corollary 1 of Theorem 1). Now we have

geBVe NGB~ 1eZ|CG

and according to (8)

g§re@V, NGB ) =08V, N G)TBT = UBTI NG,

which proves the continuity of g — g~ in (G, -, T|G).

In the same way, but with some more technical effort in the second part of the
proof, one can show that Theorem 3 also holds with F,(2, ') instead of F,(Z, ).
From this follows the first part of the following corollary; the second is a direct
conclusion of our theorem.

COROLLARY. Under the assumptions of Theorem 3, F(Z,%') and F(Z,Z') are
equivalent for each2'=G N S2X.

If further T= Q.(S, Z)= Q.(S, Z,) and G, is a subgroup of T such thatX'=G N S
2X=G;, N S2Z,, then F(Z,Y') imply F(%,, %)).
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Observe, that the last statement with G=G; is a pendant to Corollary 1, §3.
Also the Corollaries 2 and 3 have similar generalizations concerning (5) and the
condition F, or F,. The next theorem is the announced generalization of [7,
Theorem 2.1].

THEOREM 4. Let S=(S, -, &) be a topological semigroup which possesses a group
T=Q.S, S) of right quotients. Then there exists a topology T on T such that
(T, -, ) is a topological group, T|S=S and S € I, if and only if, (5) with respect
to S and F,(S) hold. In this case there is exactly one topology T of this kind. Moreover,
F,(S) and F(S) together imply (5).

Note that the equivalence of F,(S) and Fi(S) stated in the corollary above
depends on (5).

Proof. Combining Theorem 1 and Theorem 3 for £=.5 and G=T, one obtains
all statements except the last one. We are going to prove Ue & = Uae & for
each a € S, and we regard an element x=ua € Ua. From F,(S) we have auea’'U
for all a’ contained in a suitable V, € &. From F,(S) it follows ax € V x' for all x’
contained in some W, € &. Hence for each x’ € W thereisana’ € V, withax=a'x’,
and for this a’ exists an #’ € U such that au=a’u’ holds. Therefore

a'x' = ax = aua = a'v'a,

from which follows x'=u'a, ie., W, Ua (cf. [7, Lemma 1.3]). The proof for
Ue @ = aqU€ & is just the same.

6. The general case. Again S=(S, -, &) means a topological semigroup and
T=(T, -)=0.S, 2) a semigroup of right quotients of S. We are going to investigate
topologies T for T such that (7, -, ) is a topological semigroup and T|S<&
holds. According to the next theorem we have to consider certain topologies 3 on
3, which may differ from &|Z (for instance, §3 will be covered taking the discrete
topology for 8).

From the algebraic structure of T we have the mapping

) P: SxX—T defined by (a, ) > aa™?,

which will be useful in our topological considerations. We may denote the product
topology in SxX by & x 8, although & x 3 is only a base for this topology. We
recall, that the quotient topology £# for T (with respect to (9) and & x 3) is the
largest topology for T such that

P:(SxZ, & x38)— (T, TH)

is continuous; as we always have the same mapping (9) we use I#(S x3) to
determine this topology, depending on the choice of & x 3.

THEOREM 5. Let S=(S, -, @) and T= Q.(S, X) be given, and let X be any topology
Sor T with T|S< &, such that (T, -, X) is a topological semigroup. Then there exists
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a topology 3 on T which makes (%, -, 8) into a topological semigroup and has the
property that each I-open subset V<T is a union of sets out of the family

(10) B(B,8) ={UQ | Ue&, Qes}.
Therefore the mapping
(11) P:(SxZ,&6x8)—(T, %)

is continuous, hence the quotient topology T#(S x 8) on T satisfies T =I#(S x 8),
where equality holds if (11) is open.

Proof. We define b to be the family of sets
(12) Q=FnNZHY 1= NG)NnZ

for all ¥V € &, where G is any subgroup of T containing Z. It is easily checked that
the equality in (12) holds independent on the choice of G. Moreover, for each
o €2 one has

ceQ<wa"lel.

It is straightforward to prove that b is a base for a topology 3 on =. We show that
(Z, -, 8) is a topological semigroup. Suppose «8 is contained in Q as in (12). Then
B la"!e Vandthereare Vy, Voe TsuchthatB~e V,,a "t € V,, V Vo= V. From

ViNnZ-HY V. NZ Y s ViVonZ- s VNnX?
we obtain
aﬁe(sz\Z_l)'l(Vl nz—l)—l [ (Vnz—l)—l = Q

as we were to prove. Now suppose ae~! € V € T. Then there are V,, V, € T such
that ae V,, a1 e V,, V.V, V. By (12), V,. defines an Q, b with Q;'<V,.,
and for U,=V, N S € S we obtain

ac~ e U,Q; < V,V, S V.

Hence each V€T is a union of suitable sets contained in B(S, b) =B(S, 3).
From (9) follows

(13) P(UxQ) = UQ™Y,
hence (11) is continuous and our theorem is proved.

SUPPLEMENT. If, in particular, there is one subgroup G of T, G2Z, such that
(G, -, T|G) is a topological group, then the topology 3 on T defined by (12) coincides
with T|Z. Hence 3=T|Z< G|Z and even 8=T|Z=6|Z if T|S=6.

Proof. If (G, -, T|G) is a topological group, from T[G={(V NG| VeT} it
follows T|G={(V N G)~* | V € T}. Therefore (12) defines the topology

Z|GIE == onZ.



1970] SEMIGROUPS OF RIGHT QUOTIENTS 343

We remark that the sets out of (10) need not be T-open, moreover, B(E, 3)
need not be a base for a topology on T. If the latter is the case, B(S, 3) is a base for
T#(S x 8)2 <. This will be a conclusion from the next theorem, where we deal with
this question under the following point of view: We intend to supply T with suitable
topologies. So we do not suppose that there exists such a topology as assumed in
Theorem 5, and use (10) to define a family B(S, 8) starting with & and any topology
3 on X,

THEOREM 6. Take S=(S, -, &) and T=(T, )= Q.(S, X) as above and let 3 be any
topology for X such that (%, -, 8) is a topological semigroup. Then the following
Statements are equivalent:

(1) The mapping P: (Sx X, G x 8) — (T, T#(S x 3)) is open.
(ii) P~ (P(U x Q)) is open for any Ue &S, Q € 8.

(iii) B(S, 3) in (10) is a base for a topology on T.

(iv) B(S, 8) is a base for TH(S x 3).

V) If x¢"1e UQ~1 € B(S, 8), then there are U,, Qs withxe U, S, £€ Q€8
such that U, Qs *<UQL,

If this is the case, then T#(S x 8) | Sc&.

REMARK. Note that (v) establishes a kind of continuity for x¢§~!=aa~! (or
él=ad, xI=al) in the sense that for given U,, Q, there are U,, Q; such that for
x'eU,, ¢€e€Q, there are a' e U,, «' € Q, with x'¢ "1=d'e’"1 (or &l'=d'X,
x'l'=a'X).

Proof. We shall prove (i) = (ii) = (v) = (iii) = (iv) = (i). The first step is clear.
For the second suppose x¢{~te UQ-!e®B(S,3). Then using (13) we have
(x, &) e P~ (P(UxQ)) and by (ii) there are U,, Q, with (x, {)e U, x Q.
P-Y(P(UxQ)), from which (v) follows. Now we assume (v). Then it is easily
seen that for

x(~ e U, Q7 N U,Q5, UQ e B(3, 9)
there exists U, Q; ! € B(3, 3) with
x( e U7 < U, Q7 N U, Q51

which proves (iii). Denote the corresponding topology on T by €. For the step
(iii) = (iv) we have to show I =T#(S x 8). For each W € T#(S x 3) the set P ~1(W)
is open, hence P ~*(W) is a union of suitable sets U x Q. Therefore P(P ~Y(W))=W
is a union of sets UQ 1, which proves W € . So we have T#(S x 3)= Z. Since the
mapping P: (S xZ, & x 8) — (T, ) clearly is continuous, it follows T#(S x8)=F.
Finally (iv) implies (i), because {U x Q} is just the base considered in Sx X.

For the last statement suppose ¢ € UQ~* N S. From c=ac~?, ae U, « € Q we
obtain ca=a € U. Therefore we have an U, € & such that U.e< U, hence

celU,cUstcUQ! and celU,eUQ NS,
which proves T#(S x 8)|Sc&.
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We remark, that the proof of the equivalence of (i)-(v) did not make use of any
continuity of multiplication. Only the last statement depends on the left-sided
continuity in (S, -, &).

Moreover, for given (S, -, &) and T= Q,(S, X), the validity of (i)-(v) clearly
depends on the choice of £ and 8. Even in the case T=Q.(S, Z;)= 0., Z,),
S2X,23,, 3,=3,|Z, one merely has T#(S x 8,) S T#(S x 8,), but (i)—(v) may be
satisfied only by one of these topologies on T. For example, take (S, -, &) and
T=Q(S, S) as in §4, 2(a), and suppose for simplicity that only one prime g is not
contained in 6. With Z, =S, £,={q,4%,...}, 3,=6|Z,=6 and 8,=3,|2,=8|%,
we have the situation just regarded, and 3, satisfies (i)-(v) (in fact, T#(S x 3,) is
the usual topology 3t on T'). But 3, is the discrete topology on Z, and

{Ua=t | UE S, a2y}

is not a base for a topology on T (this would imply (5), which is disproved in §4,
2(b)); hence 3, does not satisfy (i)—(v).

Now suppose that for (S, -, &), T= Q.(S, ) and a topology 3 on X the statements
(i)~(v) of Theorem 6 are fulfilled. Even in these cases (7, -, T#(S x 8)) need not be
a topological semigroup. This depends essentially on the fact that the mapping P
in (9) is a homomorphism from Sx2X onto T only if ¥ is in the centre of S. In
general, there is a natural supplementary assumption necessary and sufficient.

THEOREM 7. Let S=(S, -, @) and T=Q.S, X) be given and let (Z, -, 8) be a
topological semigroup for a topology 3 satisfying (i)~(v). Then (T, -, T#(Sx8)) is a
topological semigroup, if and only if, the following condition holds:

If «=b e UQ~1 € B(8, 3), then there are U,, Q, with be U, € 3,

(14 a € Q, €8 such that Q; U, = UQ~1.

ReMARK. Clearly (14) is a kind of continuity for the condition ¢,(S, X) in the
following sense: Assume af=b7 (or «~'b=tr"1) and let U,, Q, be given. Then there
exist U,, Q, such that for b’ € U,, o’ € Q, there are t' € U,, 7" € Q, with «'t'=b"7".

SUPPLEMENT. If in particular X is in the centre of S, then (14) coincides with (v),
hence in this case each of the properties (i)-(v) is necessary and sufficient for
(T, -, T#(S x 8)) being a topological semigroup.

Proof. First we assume (14) and consider (cf. (3))
ac~1-pB~1 = at(fr)" ' € U, Q5t, br = at.
Then there are U, U,, Q;, Q, with
CUU, € Uy and QQ, < Qg de. Q71Q7 € QfL.

Moreover, for U, and Q, there are by assumption U,, €, satisfying (14), so that we
have '
U.Q; U, Q5 < U, UQ; Q5 < U,Qp°,
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which proves continuity for multiplication. Conversely, let
o lb =t~ e UQ?
be given. In order to obtain U, and Q, satisfying (14), we write
a"th = a(ca)~t-(BR)B~ € UQ; L

Since multiplication is assumed to be continuous in (7, -, T#(S x 8)), there are
U, Q40, Uyg and Qg such that

Ua(Qaa)_l' UDI‘IQE1 = Utgt_ L
From this follows that U, and Q, with U,8< U,; and Q.,c<Q,, satisfy (14).

THEOREM 8. Let S=(S, -, &) and T= Q.S, X) be given and let G be a subgroup
of T such that G N\ S=X. Assume further that (%, -, 8) is a topological semigroup
for a topology 3 satisfying (i)—(v) and (14), by which (T, -, T#(S x 8)) is a topological
semigroup. If 8=3|Z, then (G, -, T#(G x 8)|G) is a topological group.

Proof. A base for T#(S x 3)|G is given by all intersections
UQ-'nagG, Ues,Qes.

For each ac='e UQ" ' NG, ac U, «€X it follows ae G, hence ac UNG
=UNGNS=UNZXZ=Q’ €3. Therefore

UQ'NnG =00, Q,Qes

is a base for T#(S x 3)|G, and so g — g~ ! clearly is continuous.

Of course, this theorem is applicable to each subgroup of T, depending on a
suitable choice of Z. We remark, that Theorem 8 is a generalization of [2, Theorem
4], where the (commutative) case with 2= is considered. In the same way most
of the results in [2, §3] are covered by our investigations, for instance [2, Theorem
6] by the next theorem, which gives a sufficient condition for T#(S x 8)|S=&.

THEOREM 9. Let (S, -, &) and T= Q.(S, X) be given and suppose that (Z, -, 3) is a
topological semigroup for a topology 3 which obeys (1)~(v) and (14). Hence

(T, -, THS x8))

is a topological semigroup and T#(S x 8)|S<& holds. If there is a topology T, on T,
such that (T, -, X,) is a topological semigroup, T,|S= S, and 8,<3 for the topology
3, corresponding to T, by (12), then it follows TH(G x 8)|S=&.

Proof. From Theorem 5 and 3,<3 we obtain
To S TH(B x8y) S TH(S x 3),

which implies
G =TS S THESx3)|S c &.
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Note that 3,<8 holds if (G, -, T, | G) is a topological group and &|Z< 3, hence
especially if 2=, 8,=38=@.
Finally we state without proof the following generalization of Theorem 2.

TrHEOREM 10. If (S, -, ©), T=Q.S, 2) and (2, -, 3) satisfy the assumptions of
Theorem 9 and if (S, -, ©) and (Z, -, 8) both are locally compact Hausdorff spaces,
then the same is true for (T, -, T#(S x 3)).

REMARK. The statements of this paragraph are valid with obvious modifications
when one considers again semitopological semigroups instead of topological semi-
groups. We only mention that concerning Theorem 7 one needs no further assump-
tion to prove the continuity of the multiplication from the right side, whereas for
the other side (14) is to be replaced by Q; b <tQ; .

7. Semigroups satisfying the condition (5). Let S=(S, -, ©) be a topological
semigroup, let 7= Q,(S, X) be a semigroup of right quotients of S, and assume
that (5) is fulfilled. We are going to apply the preceding results to this case for
some topologies 3 on X.

First we consider the discrete topology 8, on Z. Obviously property (v) of Theorem
6 is satisfied, because x¢~! € Ua~1, Ue & implies x/< UA for ¢/=a), and by (5)
we have U,/< UA for some U, € &, hence U,£~ 1< Ua~!. Therefore

(15) B(S,8y) ={Ue | UeB, aeX}

is a base for the topology T#(S x 8,) on T, just the topology considered in Theorem
1. Moreover, condition (14) reduces to

e belUrs = a U, < Ur? for some Uy,

and the existence of such a U, is an immediate consequence of (5). Hence Theorem
7 again proves (T, -, T#(S x 3,)) to be a topological semigroup. From our con-
siderations in §3-§5 we know T#(& x 3,)|S=& and that each subgroup G of T'is a
topological group with respect to T#(& x 3,)|G if and only if F(Z, Z’) holds; there
are examples where (G, -, $#( x 8,;) | G) merely is a topological semigroup, but
not a topological group.

Next we shall regard different subsemigroups Z,, Z,, ... corresponding to the
same semigroup T= Q,(S, Z;)= 0,(S, 2;)=- - - and we take all such %; for which
there exists a subgroup G; of T such that 2, =G; N S. Now we consider the topologies
8,=8|Z,; on Z;. By Corollary 1, §3, the condition (5) is fulfilled for all Z; simul-
taneously.

THEOREM 11. Let S=(S, -, &) be a topological semigroup, let T=QLS, Z;) be a
semigroup of right quotients, containing a subgroup G; with G; N S=ZX,, and assume
(5). Then the conditions (i)-(v) of Theorem 6 hold for 3,=&|Z,.

Proof. We show (v), using the remark behind Theorem 6. Let U, € & and
Q, € 3; be given and take U, € & with U, N Z;=Q,. Since x/=are U,A € & and
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él=ad € UL € B, there are U,, U, € & such that U J< U, Ul<U,\. For each
x'eU,, ¢ elUNZ;=Q, we have x'I=a’}, ¢I=ul for some a’ € U,, ue U,. From
I=¢"ad e Gy it follows u=¢'IA"1 e G, henceue G;N S=2,andue U, N 2,=Q,
as we were to show.

So for each 3,=&|%; as above

(16) B(S,8) = {(UQ™' | Ue S, Qes}

is a base for the topology $#(& x 8;) on T, and T#(S x 8,)|.§ <& holds. Moreover,
(T, -, T#(S x 8))) is a topological semigroup if and only if property (14) of Theorem
7 is satisfied. If this is the case (especially, if Z; is contained in the centre of §),
then (G, -, T#(S x 3;) | G) is a topological group by Theorem 8. As a special case
we obtain the theorem due to [2] mentioned in the introduction.

We further remark that from G,2G,, i.e., £, 2Z,, it follows

17) TH(S x 8;) € TH(S x3,) < TH(S x 8y),
where the topology T#(S x 3,) does not depend on the choice of %, for
T= QT(S9 Z1) = Qr(Sa Z2)’

Finally, we take the condition F(Z;, Z;) (or, equivalently, F,(Z;, Z,)) into con-
sideration. One can prove that F(2;, ;) and (5) imply (14) for T#(S x 3;), but we
obtain a stronger result as follows:

THEOREM 12. Under the same assumptions as in Theorem 11, the topology
TH(S x 8,), 8;=8|2;, corresponding to (16) coincides with the topology T#(S x 8,)
corresponding to (15), if and only if F(Z,;, Z;) holds.

Proof. Applying Theorem 5 to the topology T=T#(S x3,;) on T=Q(S, %),
there is a topology

(18) THES x8) 2 T = THS x3,)
on T for a topology 8 on Z; defined by (12). Now suppose F,(Z;, %,). Then
(Gi’ ) 1#(6 X éd) I Gi)

is a topological group by Theorem 3. Hence the Supplement of Theorem 5 is
applicable, and the topology 3 from (12) coincides with

3:[2; = 3:#(@ Xéd)lz, = 1#(@ Xéd)ISIEi = @lzi = 35.
From 8=3; and (18) we obtain
TH(S x8) 2 TH(S x 3,),

and from this and (17) we have T#(S x 8,)) =IT#(S x 8,).

Conversely, using this equality, (7, -, T#(S x 8;)) is a topological semigroup,
hence we can apply Theorem 8, from which (G, -, T#(& x 3,) | G)) is a topological
group, and F(Z;, %)) follows from Theorem 3.
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Of course, looking at (17), from Theorem 12 follows the same statement for
each topology T#(S x 8,) corresponding to a X;<X;, whereas for 3;>%,; the topology
TH#(S x 8,) may differ from TH#(S x ;)= TH(S x 8,).
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